In this article, we prove that there exists at least one periodic orbit of Hamilton vector field on a given energy hypersurface in R 2n which proves the longstanding Seifert's conjecture. The more general results are also obtained.
Introduction and results
Let Σ be a smooth closed oriented manifold of dimension 2n − 1 in R 2n , here (R 2n , ω 0 )(ω 0 = n i=1 dx i ∧ dy i ) is the standard symplectic space. Then there exists a unique vectorfield X Σ so called Hamilton vector field defined by i X Σ ω 0 |Σ ≡ 0. A periodic Hamilton orbit in Σ is a smooth path x : [0, T ] → Σ, T > 0 withẋ(t) = X Σ (x(t)) f or t ∈ (0, T ) and x(0) = x(T ). Seifert in [21] raised the following conjecture: Conjecture(see [21] ). Let ω 0 be the standard symplectic form on R 2n . Let Σ be a closed (2n − 1)−hypersurface in R 2n . Then there is a closed Hamilton periodic orbit in Σ. Theorem 1.1 Seifert's conjecture(SC) holds.
Rabinowitz [20] and Weinstein [24, 25] proved that if S is starshape resp. convex, SC holds. Weinstein conjectured SC holds for the hypersurface of contact type in general symplectic manifold(W C). In R 2n , SC implies W C. Viterbo [23] proved the W C in R 2n . By the Viterbo's work, Hofer and Zehnder in [13] proved the near-by SC holds. Struwe in [22] proved that SC almost holds by modifing Hofer-Zehnder's work. Ginzburg in [7] and Herman in [10] announced that SC is not correct, but the detail is not finished until now. After Viterbo's work, many results were obtained by using variational method or Gromov's J−holomorphic curves via nonlinear Fredholm alternative, see [5, 11, 12, 13, 14, 15, 16, 17] etc. Theorem1.1 was reported in the proceedings of the international conferrence on "Boundary Value Problems, Integral Equations, And Related Problems"(5-13 August 2002); "ICM2002-Beijing Satellite Conference on Nonlinear Functional Analysis, August [14] [15] [16] [17] [18] 2002 Taiyuan.
Let (M, ω) be a symplectic manifold and h(t, x)(= h t (x)) a compactly supported smooth function on M × [0, 1] . Assume that the segment [0, 1] is endowed with time coordinate t. For every function h define the (time − dependent) Hamiltonian vector f ield X ht by the equation:
The flow g t h generated by the field X ht is called Hamiltonian f low and its time one map g 1 h is called Hamiltonian dif f eomorphism. Now assume that H be a time independent smooth function on M and X H its induced vector field.
Let (M, ω) be a symplectic manifold. Let J be the almost complex structure tamed by ω, i.e., ω(v, Jv) > 0 for v ∈ T M. Let J the space of all tame almost complex structures.
Let W be a Lagrangian submanifold in M, i.e., ω|W = 0.
be a closed compact symplectic manifold or a manifold convex at infinity and M × C be a symplectic manifold with symplectic form ω ⊕ σ, here (C, σ) standard symplectic plane. Let 2πr 2 0 < s(M, ω) and B r 0 (0) ⊂ C the closed ball with radius r 0 . Assume that H be a time independent smooth function on M×C and X H its induced vector field. If Σ = H −1 (c) be a smooth hypersurface in M × B r 0 (0), X H its Hamilton vector field, then there exists at least one periodic orbits of X H on Σ. Theorem 1.3 Let (M, ω) be an exact symplectic manifold, i.e., ω = dα for some 1 − f orm α. Assume that H be a time independent smooth function on M and X H its induced vector field. If Σ = H −1 (c) be a smooth compact hypersurface in M and there exists a Hamiltonian diffeomorphism h such that h(Σ) ∩ Σ = ∅, then there exists at least one periodic orbits of X H on Σ. [16, 18] . If a (n − 1)-dimensional submanifold L in Σ satisfying that L is transversal to the hamilton vector field X H and ω 0 |L = 0, then we call L the HamiltonLegendre submanifold. A Hamilton chord in Σ is a smooth path x : [0, T ] → Σ, T > 0 withẋ(t) = X Σ (x(t)) f or t ∈ (0, T ) and x(0), x(T ) ∈ L. Then one can also prove the Hamilton's chord existence results as Theorem1.1-1.3.
2 Lagrangian Non-Squeezing Theorem 2.1 ( [19] )Let (M, ω) be a closed compact symplectic manifold or a manifold convex at infinity and M × C be a symplectic manifold with symplectic form ω ⊕σ, here (C, σ) standard symplectic plane. Let 2πr This can be considered as an Lagrangian version of Gromov's symplectic non-squeezing( [8] ).
be an exact symplectic manifold with restricted contact boundary and ω
3 Construction Of Lagrangian 3.1 First Case: no periodic orbit
, the normal bundle of Σ is trivial. So, the tubular neighbourhood Q δ (Σ) of Σ is foliated by Σ. We now define a Hamiltonian as follows. Define Q δ (Σ) = ∪ |t|≤δ ψ t (Σ), here ψ t is the flow of the normal vector field of Σ. Define h(x) = t(x), t(x) is the arrival time of ψ t from x to Σ for
and X H be its Hamilton vectorfield. Let η s be the Hamilton flow onQ δ induced by X H . Let S be a smooth compact hypersurface in R 4n which intersects the hypersurface E = R 2n × Σ transversally and contains L. Furthermore, S is transversal to the hamilton vector field X H . Let s(x) be the time to S of hamilton flow η s which is well defined in the neighbourhood U δ 1 (S). Let X S be the Hamilton vector field of S on U δ 1 and ξ t be the flow of X S defined on U δ 1 . Since X S (H) = {s, H} = −{H, s} = −X H (s) = −1 = 0, here {, } is the Poisson bracket, so X S is transversal to E. Then, there exists δ 0 such that
Proof. Let
Then,
is an symplectic embedding.
Proof. It is obvious.
If there does not exist periodic solution in Q δ (Σ) and M T is a very small neighbourhood of L, then s(x) and X S is well defined on U T . Therefore, there exists δ T such that the flow
We claim thatX k = X k . Since s(x) and H(x) is defined on U T and {H, s} = 1, so ξ t (η s (x)) = η s (ξ t (x)) for x ∈ U T . Differentiate it, we get X S (η s (x)) = η s * X S (x). Take s = k, one provesX k = X k . Recall that the flow ξ t (x) of X S exists for any x ∈ U δ 0 (S ∩ E), |t| ≤ 100δ 0 . So, the flowξ k t (x) ofX k exists for any x ∈ U k , |t| ≤ 100δ 0 . Therefore, the flow ξ k t (x) of X k exists for any x ∈ U k , |t| ≤ 100δ 0 . This Proves that the flow ξ t (x) of X S exists for any x ∈ U T , |t| ≤ 100δ 0 .
Proof. We follow the Arnold's proof on Darboux's theorem in [1] . Take a Darboux chart U on M, we assume that
δ ij . This shows that the Poisson brackets {, } * is same as the Poisson brackets
This finishes the proof. Take a disk M 0 enclosed by the circle E 0 which is parametrized by t
So, L is a Lagrangian submanifold.
Lemma 3.3 If there does not exist any periodic orbit in (Q
Proof. It is obvious that F is a Lagrangian embedding. If the circle C homotopic to C 1 ⊂ L × s 0 then we compute
since λ|C 1 = 0 due to C 1 ⊂ L and L is "Legendre submanifold". If the circle C homotopic to C 1 ⊂ l 0 × S 1 then we compute
This proves the Lemma.
Second case: single curve of periodic orbits Theorem (Long Darboux cover theorem) Let M 0 be as in Lemma 3.2. LetŪ
and
Proof. By the proof of Theorem 3.1. Now Assume that H is "single", i.e., there exist only one family of periodic orbits, more precicely, the periodic orbits consist of x(t, (σ 0 , c)) for some 0 < c < δ in Q δ such that H(x(t, (σ, c)) = c} with period T c . Now we assume that there does not exist any peiodic orbit on
We claim that one still can take a disk M 
. So, L is again a Lagrangian submanifold. The Lemma 3.2 still holds in this case.
Third case: T-finite curves
Assumption:T-finite. Now fix T > 0 such that
are smooth embedded curves, denote it by γ i , i = 1, ..., N. Let t i (p) be the minimal time of p ∈ γ i to L 0 , t i (p) can be extended as a smooth function from a neighbourhood of
is Morse function and projection π : Γ → L is an immersion for i = 1, ..., N. Then we call H is T − f inite.
Now we assume H is T − f inite. Let D = {d i } be the double points of the projection π : Γ → L. Now we add the points
Proof. Note that the immersed points
. By the generic hamilton perturbation in G(P c ) = G(c×Z i ) for c ∈ C i , we can assume that the intersection points in G(P c ) are double transversal points or deathbirth points. By Thom transversality theorem, it determines a smooth curve 0, r) . By the cut-off trick, we find a hamilton functionh i : U 3δ 1 (l i1 ) → R satifiesh i |U δ 1 (l i1 ) = h i • P r andh i = 0 outside of U 2δ 1 (l i1 ). Let ϕ it be the hamilton flow of h i , then G(ϕ it 0 (l i1 )) ∩G(l i2 ) = ∅ for t 0 very small. Repeating N 1 times, we finish the proof.
Gromov's figure eight construction
First we note that the construction of section 3.1 holds for any symplectic manifold. Now let (M, ω) be an exact symplectic manifold with ω = dα. Let Σ = H −1 (0) be a regular and close smooth hypersurface in M and H is T − f inite. H is a time-independent Hamilton function. 
Genericity of T −finite
Let (M, ω) be an exact symplectic manifold with ω = dα. Let 0 be the regular value of H and Σ =H −1 (0) be close smooth hypersurface in M. Let K be a smooth compact hypersurface in M which intersects the hypersurface Σ transversally. Furthermore, K is transversal to the hamilton vector field X H . Let k(x) be the time to K of hamilton flow η s which is well defined in the neighbourhood U δ 1 (Σ). Let X K be the Hamilton vector field of K on U δ 2 (K). We assume that X K and ∇H on the same side of Σ. By cut-off function, we get a vector field V on the tubular neighbourhood U δ 3 (Σ) such that V (H) > 0. We now define a Hamiltonian as follows. Define Q δ (Σ) = ∪ |t|≤δ ψ t (Σ), here ψ t is the flow of the vector field V of Σ. Define H(x) = t(x), t(x) is the arrival time of ψ t from x to Σ for x ∈ Q δ (Σ). Lemma 4.1 Let H, ψ t and Q δ = Q δ (Σ) as above. Let ω a = ψ * a ω be defined onQ 100δ 1 for some 0 < 100δ 1 < δ and |a| ≤ 100δ 1 . Then, there exists δ 2 > 0 and a diffeotopy φ t :Q 100δ 2 →Q 1000δ 2 , |t| ≤ 100δ 2 such that φ * a ω a = ω.
Proof. Since ω = dα is exact, so ω a = dΦ * a α, the proof on stability theorem in [9, p337] finishes the proof.
a * (X H |Σ a ) be the hamilton vector field of H a (x) = H(ψ a (x)) for ω a = ψ * a ω. Then,X a = φ −1 a * (X a ) be the hamilton vector field onQ 100δ 2 defined byH a (x) = H a (φ a (x)) for the fixed form ω.
Proof. By the above Lemma.
Let Σ K = Σ∩U δ 2 (K). By the proof of Lemma 4.2, we have φ a (Σ K ) = Σ K . So, the consideration of hamilton systems on near-by energy hypersuface Σ a is reduced to the one-parameter family of hamilton systems on a family energy hypersurface φ a (Σ) with commen piece Σ K . Let D = Σ K ∩ K. Assume that the periodic orbit P 0 of Σ through the manifold σ ∈ D. So, D is a Poincare section of P 0 . Moreover D is also the Poincare section of the periodic orbits P a in Σ This is a contradiction. This contradiction shows that there is a periodic orbit with period T ≤ 100T 0 . Note that T − f inite is a generic property. By approximation, one proves that for general H such that H −1 (0) is close hypersurface, there exists at least periodic orbit on it. This completes the proofs of theorems.
